Abstract. For a compact HyperKähler manifold X, we show certain Zariski decomposition for every pseudo-effective R-divisor, and give a sufficient condition for X to be bimeromorphic to a Lagrangian fibration.
Introduction
For a compact HyperKähler manifold X of dimension 2n ≥ 4, we refer to [8, pages 171, 176, 182-184, 223-224], for: the definitions of the Kähler cone K(X) and its closureK(X) (the nef cone), the positive cone C(X) ⊂ H 1,1 (X, R) and its closureC(X) (a closed cone), the birational Kähler cone BK(X) ⊂ C(X) and its (convex cone) closure BK(X) ⊆C(X), the (holomorphic) Lagrangian fibration, the Beauville-Bogomolov primitive quadratic form q( * ) or q X ( * ) (and the corresponding bilinear form q( * , * * )) on H 2 (X, Z) of signature (3, b 2 (X) − 3), and the Beauville-Fujiki number c > 0 such that q(L) n = cL 2n for all L ∈ H 2 (X, C).
In this paper, we shall prove Theorems 1.1 and 1.3 and their consequences, where H 0 (X, ∆) := H 0 (X, ⌊∆⌋) for an R-divisor ∆. The part (I) below is given an analytic proof by Boucksom [4, §4] , and also follows from Zariski's lemmas [17] , in a constructive way, as in Fujita [6] for surfaces (cf. also [12, Ch I, §3.1 ∼ 3.7]), as one will see from its proof late. The part (II) shows, under certain condition (*) (cf. also Theorem 1.3 (2)), the existence of the Zariski decomposition in the sense of Fujita [7] (i.e., requiring (II) (i-ii) in Theorem 1.1 (II)) and hence also in the sense of Cutkosky-Kawamata-Moriwaki (iii) q(P D , N i ) = 0 for all i. 
there is a Zariski-Fujita decomposition (or Zariski F-decomposition for short)
in the sense of Fujita [7] and hence also in the sense of Cutkosky-Kawamata-Moriwaki (cf. [9, Definitions 7-3-2, 7-3-5]). Thus, (i) the divisor P k is nef, i.e., P k ∈K(X), the closure of the Kähler cone K(X);
(ii) the divisor N k is effective; F ≥ τ * N k for every bimeromorphic morphism
The above Zariski F-decomposition is unique. (iii) follows from (i) and (ii). More- K3 surface (cf. [15] for the references therein) and by Campana-Oguiso-Peternell [5] for certain non-algebraic X. The two results below are related to the above conjecture.
HyperKähler manifold X such that L ∈ BK(X), and
with e ∈ R >0 ) for an effective Q-divisor M. (1) X is bimeromorphic to a compact HyperKähler manifold X ′ with a (holomorphic) The Acknowledgement. I thank N. Nakayama for the constructive suggestions.
Proof of Theorems and their consequences
We will use the conventions in [10] and Hartshorne's book. Let X be a compact
HyperKähler manifold of dimension 2n ≥ 4 with a nowhere vanishing holomorphic 2-form σ which is normalized so that X (σσ) n = 1. Then the primitive BeauvilleBogomolov quadratic form q( * ) on H 2 (X, Z) is given (with a positive constant a) as
Lemma 2.1. Let X be a compact HyperKähler manifold with q( * ) the primitive BeauvilleBogomolov quadratic form (and q( * , * * ) its bilinear form) on H 2 (X, Z). Then we have:
(1) The birational Kähler cone BK(X) is the intersection ofC(X) and the dual of the pseudo-effective divisor (closed) cone PE(X) ⊂ H 1,1 (X, R) with respect to q( * , * ).
If D ∈ PE(X) and q(D, E) ≥ 0 for every prime divisor E, then D ∈ BK(X).
Kähler class ω. 
Proof. For (1), see [8, Proposition 28.7] . Note that q(D) ≥ 0 for the second part.
For the first part of (3), suppose
for some a i ≥ 0, b j ≥ 0 and (2), and hence E ′ = 0 = E ′′ by the negative-definite assumption. For the second part, write
′ is an effective divisor and contains no any E i . Since D(t) has a limit and intersecting with a power of a Kähler class, we see that d(t) i are bounded and we let lim t→∞ d( For The sketch of a constructive proof for (I): Let E i (1 ≤ i ≤ t 1 ) be all prime divisors such that q(D, E i ) < 0. Then (q(E i , E j )) i,j is a negative definite matrix [ibid. proof of 3.6].
Let F 1 be a (non-negative, by Zariski's lemma) combination of E i such that 
3.5] and Lemma 2.1 (5). Let F 2 be a (non-negative) combination of
E k (1 ≤ k ≤ t 1 + t 2 ) such that D 2 := D −F 2 satisfies q(D 2 , E k ) = 0.
(II). Let
, by the uniqueness in (I) and since σ * 1 is compatible with q( * ) (cf. Lemma 2.1). Let π : X 2 → X 1 be a blowup such that the composite σ 2 = σ 1 • π : X 2 → X is holomorphic. Set
Note that P 2 is nef and N 2 = σ * 2 N D + E for some σ 2 -(and hence π-) exceptional divisor E, since σ 1 is isomorphic in codimension one (cf. Lemma 2.1).
We claim that E ≥ 0 and hence 
To show (II-ii), we consider D 2 only (because D 1 is similar and easier), and replacing π by a further blowup, we have only to show the assertion (**): if P ′ := D 2 −F is nef for an effective R-divisor F then F ≥ N 2 . Note that σ 2 * P ′ ∈ BK(X) (cf. Lemma 2.1 (1)(2))).
So σ 2 * F ≥ N D by applying Remark 1.7 to σ 2 * (P
]. This proves (**) and also (II-ii).
The uniqueness of the Zariski F-decomposition is due to the condition (II-ii). The rest of (II) is from the construction and (I). This completes the proof of Theorem 1.1. , there is a surjective-in-codimension-one birational map σ 1 : X ···→ X 1 such that (X 1 , P 1 ) (with P 1 := σ 1 * P ) is Q-factorial and terminal, K X 1 + P 1 is nef, and for every common resolution σ 2 : X 2 → X and π : X 2 → X 1 we have σ * 2 (K X + P ) − π * (K X 1 + P 1 ) = E 2 for some effective π-exceptional divisor E 2 and (**):
Using the fact that K X = 0 and K X 1 = 0, we have σ * 2 P = P 2 +E 2 , D 2 = P 2 +N 2 , and P 1 (and hence P 2 ) are nef. As in Theorem 1.1, for every integer s ≥ 1, we have
Thus if D is big then D 2 is big, and D 2 = P 2 + N 2 is the sectional-decomposition for the big divisor D 2 with P 2 nef and is also the Zariski F-decomposition (cf. [14, Ch III, 1.17]).
Suppose 0 ≤ κ(X, D) < dim X, i.e., q(P ) = 0 (cf. Corollary 1.7). Note that P = σ 2 * P 2 +σ 2 * E 2 . By Lemma 2.1, σ 2 * P 2 ∈ BK(X), and 0 = q(P ) ≥ q(P, σ 2 * P 2 ) ≥ q(σ 2 * P 2 ) ≥ 0; so all become equalities, and σ 2 * P 2 (and hence σ 2 * E 2 ) are parallel to P . Thus σ 2 * E 2 ≡ aP for some a ≥ 0. Since (σ * 2 aP ≡) σ * 2 σ 2 * E 2 is π-exceptional, the σ-decomposition of it (and of its σ 2 * -pushforward aP ) has zero positive part, so aP = 0 (cf. Remark 1.7, [14, Ch III, 5.14, 5.16]). Thus σ 2 * E 2 = 0, so, by the (**) above, σ 1 contracts no divisors. Hence σ 1 is isomorphic in codimension one. Now the argument of Theorem 1.1 (II) for γ = σ 
Since the combination L of N i satisfies q(L) = 0, the matrix (q(N i , N j )) i,j is not negative definite. Hence some nontrivial integral combination
all become equalities. In particular, q(L, N ′ ) = 0. Therefore, L is parallel to N ′ and Corollary 1.4 follows (cf. Lemma 2.1 (7)(8)).
Proof of Proposition 1.6
For ( , we may assume that L is already nef.
We may write π * L = f * H + E with E an effective π-exceptional Q-divisor. Then 
